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INTRODUCTION
Hybrid scheme, based on the high order nonlinear
characteristic-wise weighted essentially non-oscillatory
(WENO) conservative finite difference scheme and the
spectral-like linear compact finite difference scheme, has
been developed for capturing shocks and strong gradients
accurately and resolving fine scale structures efficiently for
hyperbolic conservation laws. The key issue in any hybrid
scheme is the design of the high order shocks detection al-
gorithm which is capable of determining the smoothness of
the solution at any given grid point and time.
When applied to high-dimensional problems by the
dimension-by-dimension approach, the existing shocks de-
tection algorithms, such as multi-resolution (MR) analysis,
might misidentify the smooth vortex structures in turbu-
lent flow simulations as the high gradients/discontinuities.
Consequently, the Hybrid Compact-WENO scheme cannot
resolve these finite vortex structures exactly.

In this work, we modify the MR coefficients by using the
divergence and curl of the flow field to vanish at the vor-
tex and overcome above issue. Several two-dimensional
benchmark problems in shocked flow demonstrate that the
improved MR analysis performs very well in shocks cap-
turing and vortex identification and the corresponding Hy-
brid scheme can reach a speedup of the CPU times by the
factor up to 2-3 compared with the pure fifth order WENO-
Z scheme.

HYBRID SCHEME
1. Perform the smoothness analysis of the solution (typ-

ically, density ρ) via a shock-detection algorithm
once at the beginning of the third TVD Runge-Kutta
scheme (with CFL = 0.45).

2. Create buffer zone around the non-smooth grid point
xi such that all the grid points inside the buffer zone
are flagged as the non-smooth stencils (Flag = 1).
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Fig. 1 Schematic of the buffer zone.

3. Compute the derivative of the fluxes at each cell cen-
ter by

• ( Non-smooth stencils):
The fifth order WENO-Z scheme.

• ( Smooth stencils):
The sixth order Compact scheme.

4. Stabilize the Hybrid scheme.
An sixth order finite difference filtering is applied in
the smooth stencils to stabilize the hybrid scheme.

MUTLI-RESOLUTION ANALYSIS

Consider two nested dyadic grids Gk = {xki = i∆xk, i =
0, · · · , Nk}, k = 0, 1 where ∆x1 = 2∆x0, N1 = N0/2 and
the cell average for u:

ūk
i =

1

∆xk

∫ xk
i

xk
i−1

u(x)dx, k = 0, 1. (1)

Let ũk
2i−1 be the approximation to ūk

2i−1 by a unique 2s
degree polynomial that interpolates ūk

i+l, |l| ≤ s at xki+l,
where q = 2s+ 1 is the order of approximation.
The multi-resolution (MR) coefficients, di = |ū0

2i−1− ũ0
2i−1|

at xi, have the property that if u(x) is a Cp−1 function, then

di =

{
[u

(p)
i ]∆xp1, p ≤ q,
u

(q)
i ∆xq1, p > q,

(2)

where [·] and (·) denote the jump and derivatives of the
function, respectively. The di measures how close the data
at the finer grid {x0

i } can be interpolated by the data at the
coarser grid {x1

i }. From (2), one has

d0
2i−1 ≈ 2−min{p,q}di, (3)

which implies that that away from discontinuities, di be-
comes smaller as the grid is refined; at discontinuities, they
remain essentially the same size, independent of the order
q. Using the MR coefficients di at xi,

Flagi =

{
1, |di| ≥ εMR, ( Non-Smooth),
0, otherwise, ( Smooth), (4)

where εMR (typically 5 × 10−3) is a user tunable parame-
ter.

DUCROS’ SENSOR
To identify the vortices, we rescale the MR coefficients as

d∗i = diΦ(U), (5)

where U = (u, v) is the velocity vector and Φ(U) is the
local function, first proposed by Ducros et al.,

Φ(U) =
(∇ ·U)2

(∇ ·U)2 + (∇×U)2 + εΦ
, (6)

where∇·U = ux+vy and∇×U = (0, 0, vx−uy) are the di-
vergence and curl respectively, and the directional deriva-
tives can be obtained by the simple second order cental d-
ifference scheme. The sensitivity parameter εΦ (typically
10−12) is used to avoid a division of zero.
Note that Φ(U) ∈ [0, 1] and

Φ(U) ≈
{

1, (Irrotational flow),
0, ( Rotational flow). (7)

We refer to the hybrid scheme with the multi-resolution
analysis (and the Ducros’ sensor) as Hybrid-MR (Hybrid-
MRD) scheme.
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SPEEDUP FACTORS (SF)
CPU times of 2D Riemann problem.

N ×M
WENO-Z Hybrid-MR Hybrid-MRD

Time Time SF Time SF
400× 400 1629 614 2.65 601 2.71
800× 800 13880 4479 3.10 4410 3.15

CPU times of 2D DMR problem.

N ×M
WENO-Z Hybrid-MR Hybrid-MRD

Time Time SF Time SF
400× 100 1084 417 2.60 405 2.68
800× 200 9015 2829 3.19 2808 3.21

FUTURE WORK
Use Tukey’s boxplot method to increase the robustness of
the Hybrid-MRD scheme.
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