A Hybrid WENO Scheme for One Dimensional Compressible Multi-Fluids Flow
Feilin Jia, Zhen Gao, Wai Sun Don
I NTRODUCTION

M ULTI - RESOLUTION A NALYSIS

The high order nonlinear characteristic-wise improved weighted essentially non-oscillatory finite
difference scheme (WENO-Z), which is capable of
capturing sharp discontinuities in a non-oscillatory
fashion and resolving small scale structures efficiently, is used in solving the multi-fluids compressible Euler equation. The fluids might have different materials with jumps on the mass fractions and
the specific heat ratio. It is well-known that numerical schemes in conservative form will generate nonphysical oscillations in pressure and velocity across
material interfaces.
To remedy this problem, one solves the Euler equations in its primitive form together with an auxiliary
advection equation. However, it does not guarantee
the convergent of the solution to the weak entropy
solution when shocks appear.
Hence, a hybrid WENO scheme (Hybrid) is designed to solve the multi-fluids Euler equation in its
conservative form everywhere except at the material
interfaces where the primitive form and the auxiliary advection equation are used instead. The material interfaces are identified by the high order multiresolution analysis (MR).

Consider two nested dyadic grids Gk = {xki , i =
0, . . . , Nk }, k = 0, 1 where xki = i∆xk with ∆x1 =
2∆x0 , N1 = N0 /2 and the cell averaeuler of u at xki :

M ULTI - FLUIDS E ULER
The 1-D multi-fluids Euler equation is
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ρt + (ρU )x = 0
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(ρU )t + (ρU + P )x = 0
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Et + ((E + P )U )x = 0
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(ρz)t + (ρzU )x = 0
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φt + U φx = 0
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/φ, and 0 ≤ z ≤ 1.

With Mi being the molecular mass of species i, one
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It is critical to note that
• The same WENO nonlinear weights used for
the approximating the mass (ρ) flux (1) must
be used for the mass fraction (ρz) flux (4) [5, 6].
• An auxiliary advection equation for φ (5) is
only needed where γ has a jump discontinuity.
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VARIABLE γ S OD P ROBLEM
WENO-Z Scheme

Hybrid Scheme

In Fig. 1, we consider the Sod problem with a variable specific heat ratio γ
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Let ũk2i−1 be the approximation to ūk2i−1 by a unique 2s
degree polynomial that interpolates ūki+l , |l| ≤ s at xki+l ,
where q = 2s + 1 is the order of approximation [1, 2].
The multi-resolution (MR) coefficients, di = ū02i−1 − ũ02i−1
p−1
at xi , has the property that if u(x) is a C
function, then
( (p)
p≤q
[ui ]∆xp1
,
(8)
di ≈
(q)
q
p>q
ui ∆x1
where [·] and (·) denote the jump and derivative of the
function, respectively. Since |d2i | ≈ 2− min{p,q} |di |, it implies that away from discontinuities, di becomes smaller
as the grid is refined; at discontinuities, they remain essentially the same size, independent of the order q.

Figure 1: Multi-fluids Sod problem as computed by the
WENO-Z scheme and the Hybrid scheme at t = 0.2 with
N = 200 cells .

where dk are the ideal weights. The βk and τ5 are the lower
order local and optimal order global smoothness indicators, which has a truncation error of O(∆x2 ) and O(∆x5 ),
respectively.

H YBRID S CHEME
To identify the material interface in space and time, we develop a MR-γ sensor based on the multi-resolution analysis.
Based on the user defined MR tolerance, we apply
• the conservative characteristic-wise WENO scheme to
the conservative form of the Euler equation everywhere,
except at the material interface, where γ exhibits a large
gradient,
• the component-wise WENO scheme to the primitive
form of the Euler equation + the auxiliary advection
equation for the φ.

The second order MR with tolerance 3 × 10−3 is used.
The material interface is well captured by the MRγ sensor within 8-9 cells. The result shows that the
non-physical oscillations in the pressure P and velocity U computed by the Hybrid scheme are greatly reduced as compared to the characteristic-wise WENO
scheme.

VARIABLE γ S HU -O SHER P ROBLEM
In Fig. 2, a spatial oscillating γ is added to the initial
condition of the classical Shu-Osher problem, that is,

[ρ, u, p, φ] =

WENO-Z S CHEME
In the fifth order WENO-Z schemes, the nonlinear weights
ωk are defined as
p 


αk
τ5
, (9)
ωk = P2
, αk = dk 1 +
βk + 
l=0 αl

[ρ, U, P, γ]L = [1, 0, 1, 1.4],
.
[ρ, U, P, γ]R = [0.125, 0, 0.1, 1.6].

[3.857, 2.629, 10.333, 2.5]
[1 + g(x), 0, 1, 1.33 + g(x)]

, x ≤ 1,
,
, x ≥ 1,

where g(x) = A sin(5(x − 5)) and A = 0.2.
−3

Figure 2: Multi-fluids Shu-Osher problem as computed by
the Hybrid scheme at t = 1.8 with N = 300 cells .

The eighth order MR with tolerance 1 × 10 is used
and 4-5 cells around the γ interfaces. The Hybrid
scheme performs well for this problem with a much
reduced non-physical oscillations in the pressure P
and velocity U .
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• Hybridization of the WENO scheme with a high order linear scheme, such as the central scheme, compact scheme and Fourier-Continuation scheme, to
achieve higher accuracy and efficiency for multifluids compressible flows.
• Extension of Hybrid scheme to 2D and 3D multifluids Euler equation.
• Extension to 3D reactive multi-fluids compressible
Navier-Stokes equation.
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