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INTRODUCTION
Discontinuous Galerkin (DG) methods are a class of fi-
nite element methods using completely discontinuous ba-
sis functions. We consider the conservation laws:

∂u

∂t
+∇ · f(u) = 0, x ∈ Ω, t > 0. (1)

The time-discretization of the RKDG methods is based on a
TVD Runge-Kutta technique, and the space-discretization
is based on DG that incorporates the ideas of numerical
fluxes and slope limiters. Since the RKDG method use dis-
continuous basis functions, these methods have the flexi-
bility such as the allowance of arbitrary triangulation with
hanging nodes, complete freedom in changing the polyno-
mial in each element independent of neighbors. The RKDG
methods are stable, high-order accurate, and highly par-
allelizable schemes that can easily handle complicated ge-
ometries and boundary conditions.
In the research, we mainly use the RKDG methods based
on nonuniform mesh in 1D and unstructured mesh in 2D
to solve (1) where we solve Burgers equation as an exam-
ple.

DG SCHEME
For DG scheme, a finite element space is first defined
by

V k
h = {v : v |K∈ P k(τK)}.

The DG scheme is defined as follows:
Find the unique function uh ∈ V k

h , such that, for all
test functions vh ∈ V k

h and all x ∈ element K, we
have:∫
k

(uh)tvhdx−
∫
k

f(uh) · ∇vhdx+

∫
∂k

f̂(uh)nKvhds = 0,

where f̂(uh) is the numerical flux and an example we
use is the following Lax-Friedrichs flux

f̂(a, b) =
1

2
[f(a) · ne,K + f(b) · ne,K − αe,K(b− a)],

where αe,K is the largest eigenvalue of the Jacobian
(∂/∂u)f(uh(x, t)) · ne,K for (x, t) in a neighborhood of
the edge e. The value of the numerical flux depends
on the two values of the approximate solution at (x, t)
which are

uh(xint(K)) = lim
y→x,y∈K

uh(y, t),

and

uh(xext(K)) =

{
γh(x, t), if x ∈ ∂Ω,
limy→x,y6∈K uh(y, t), otherwise.

DG SCHEME-BASE FUNCTION
The basis functions we choose are:

• For 1D, a local orthogonal basis is chosen over Ij =
[xj− 1

2
, xj+ 1

2
] :

φ
(j)
0 = 1, φ

(j)
1 =

x− xj
∆xj

, φ
(j)
2 = (

x− xj
∆xj

)2− 1

12
, · · · .

• For 2D :
1. P 1 rectangular elements Iij = [xi− 1

2
, xi+ 1

2
] ×

[yj− 1
2
, yj+ 1

2
]:

φ
(i,j)
0 = 1, φ(i) =

x− xi
∆xi/2

, ϕ(j) =
y − yj
∆yj/2

.

2. P 1 triangular elements K:

uh(x, y, t) =

3∑
i=1

ui(t)φi(x, y),

where φi(x, y) is the P 1 function which takes value 1
at the mid-point mi of the ith edge, and the value 0
at the mid-points of the two other edges.

DG SCHEME-SLOPE LIMITING
Since the numerical fluxes are insufficient to guarantee the
absence of spurious oscillations when the space are richer,
a local slope limiting operator ΛΠh is introduced in each
Runge-Kutta step as follows:

u
(i)
h = ΛΠh{

i−1∑
l=0

αilu
(l)
h + βil∆t

nLh(ulh, γh(tn + dl)∆t
n)},

where αil, βil, dl are coefficients of third order Runge-Kutta
scheme.

LIMITER-TRIANGULAR ELEMENTS
To define the operator ΛΠh, we first compute the quantities

∆i = m ( ũh(mi,K0), ν∆u(mi,K0)),
where m is the TVB modified minmod function, and

uKi =
1

|Ki|

∫
Ki

uh = uh(bi), ũh(mi,K0) = uh(mi)− uK0 .

• If
∑3
i=1 ∆i = 0, we set

ΛΠhuh(x, y) = uK0 +

3∑
i=1

∆iφi(x, y), (2)

• If
∑3
i=1 ∆i 6= 0, we compute

pos =

3∑
i=1

max(0, ∆i), neg =

3∑
i=1

max(0, −∆i),

and set

θ+ = min(0, neg/pos), θ− = min(0, pos/neg).
Then, we define

ΛΠhuh(x, y) = uK0 +

3∑
i=1

∆̂iφi(x, y), (3)
where

∆̂i = θ+ max(0, ∆i)− θ− max(0, −∆i).

NUMERICAL RESULTS FOR 1D INVISCID BURGERS EQUATION

Figure 1: 1D Burgers equation at t = 0.2 and t = 0.45.

We use the RKDG method based on a nonuniform mesh to
solve the Burgers equation with the initial condition

u0(x) = sin(πx), x ∈ [0, 2].
At t = 0.2 the solution is still smooth. Table 1 lists the l2
errors where we have order 2 for P 1 and order 3 for P 2. At
t = 1

π
the shock begins to form. This example illustrates

uniformly high order in smooth regions and good shock
capture of the DG scheme.

Table 1: The l2 error and order of 1D Burgers equation.

h
P 1 P 2

error order error order
4.38E-02 7.15E-2 - 1.77E-3 -
2.23E-02 4.22E-3 2.1 2.85E-4 2.7
1.17E-02 2.42E-4 2.2 4.00E-5 3.0
0.59E-02 1.42E-5 2.1 5.28E-6 3.0

NUMERICAL RESULTS FOR 2D INVISCID BURGERS EQUATION

Rectangular t = 0.2 t = 0.45

Figure 2: Burgers equation as computed by the DG scheme
with N = 128× 128 where CFL = 0.21.

Here, the 2D Burgers equation is considered with the initial
condition:

u0(x) =
1

4
+

1

2
sin(π(x+ y)), (x, y) ∈ [0, 2]× [0, 2].

In Figs. 2 and 3, the computational domain is discretized

Triangular t = 0.2 t = 0.45

Figure 3: Burgers equation with 3702 triangulation ele-
ments and CFL = 0.21.
by nonuniform rectangular elements and arbitrary triangu-
lar elements. The DG scheme of both elements can capture
shock well at t = 0.45. When the domain is complex, the
triangular elements is more flexible in handling complicat-
ed boundary.
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FUTURE WORK
• Use triangulation to handle complicated geometries

and boundary conditions.
• Extension of DG methods to solve equations with

high order spatial derivatives.
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