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INTRODUCTION
In this work, we investigate the performance of the
high order well-balanced Hybrid Compact-WENO
scheme for simulations of shallow water equations
with source terms due to a non-flat bottom topog-
raphy. The Hybrid scheme employs the nonlinear
fifth order characteristic-wise WENO-Z finite dif-
ference scheme to capture high gradients and dis-
continuities in an essentially non-oscillatory man-
ner, and the linear spectral-like sixth order Com-
pact finite difference scheme to resolve the fine
scale structures in the smooth regions of the so-
lution efficiently and accurately. The high order
multi-resolution (MR) analysis is employed to i-
dentify the smoothness of the solution at each grid
point.
The 2D shallow water equations can be written
compactly as

Qt +∇ · F̃ = S. (1)

where Q = (h, hu, hv)T , F = (hu, hu2 + 1
2
gh2, huv)T ,

G = (hv, huv, hv2 + 1
2
gh2)T , S = (0,−ghbx,−ghby)T ,

h is the water depth above the domain bottom b,
u = (u, v) is the velocity vector, b is the bottom to-
pography, g = 9.812 is the gravitational constant.

HYBRID SCHEME
By performing a high order Multi-resolution (MR)
analysis of h, a MR flag Flag is specified by

Flag
i
=

{
1, |di| > εMR Non-Smooth,
0, otherwise Smooth,

where di is the MR coefficient which measures
the error in approximate the function by a 8th or-
der polynomial and the MR tolerance parameter
is εMR = 10−3 in this study. The PDEs (1) is
solved by the well-balanced WENO-Z and Com-
pact schemes at non-smooth and smooth stencils
respectively and save computational cost automat-
ically.
WENO-Z finite difference scheme
WENO-Z scheme is capable of capturing sharp
discontinuities in an essentially non-oscillatory
manner with less dissipation and higher resolu-
tion than WENO-JS scheme. In 5th-order WENO-
Z scheme, the nonlinear weights ωk are defined as

αZ
k = dk

(
1 +

(
τ5

βk + ε

)p)
, ωZ

k =
αk∑2
l=0 αl

.

WELL-BALANCED METHOD

A delicate balance of the divergence of the flux and
the source terms can maintain the C-property and
achieved genuine high order accuracy for the gen-
eral solutions. For 2D equations (1), the source ter-
m S shall be split into two terms as

S = S1 − g(h+ b)S2, (2)

where S1 = (0, ( 12gb
2)x, (

1
2gb

2)y), S2 = (0, bx, by).
The modifications lead to replace the conservative
variable Q = (h, hu, hv) equivalently by Qnew =
(h + b, hu, hv) in Lax-Friderichs (LF) flux splitting
as b is a given function independent of time t. Thus
F and G are split into positive and negative flux

respectively, namely F± and G±. Moreover, the t-
wo derivatives in the source terms are also split up
in their positive and negative parts as:

( 1
2
gb2)x = ( 1

2
gb2)+x + ( 1

2
gb2)−x , bx = b+x + b−x

( 1
2
gb2)y = ( 1

2
gb2)+y + ( 1

2
gb2)−y , by = b+y + b−y

We need to apply the same WENO approximation
based on the nonlinear weight ωk

± used in com-
puting the derivatives of the positive and negative
fluxes to compute the corresponding positive and
negative source terms. Similar procedure should
be applied in both x− and y-direction.

C-PROPERTY TEST OVER SMOOTH AND NON-SMOOTH BOTTOM

The initial condition of the test is steady state with
water level h + b = 10 and velocity hu = 0 in do-
main [0,10]. As shown in Table 1, the L∞ errors
of the water level h + b and velocity hu for both
smooth and non-smooth bottom topographies in-
dicate that the WENO-Z scheme preserve the C-
property. The two bottoms are given as:

b1(x) = 5e−
2
5
(x−5)2 , b2(x) =

{
4, if 4 ≤ x ≤ 8,
0, otherwise.

Table 1: L∞ errors in the water level h+ b and water ve-
locity hu over smooth and non-smooth bottom topogra-
phies at final time t = 0.5.

N
Smooth Non-smooth

h+ b hu h+ b hu
100 3.6E-15 1.3E-13 1.8E-15 1.2E-13
200 7.1E-14 1.2E-13 3.6E-15 6.1E-14
400 1.2E-14 1.3E-13 1.6E-13 8.9E-15

2D DAM-BREAKING OVER FLAT AND NON-FLAT BOTTOM
t = 30 t = 60 t = 90

Vo
rt

ic
it

y,
h
+

b 2 4 6 8 10

1 2 3 4

2 4 6 8 10

1 2 3 4

2 4 6 8 10

1 2 3 4

M
R

-F
la

g

Figure 1: Upper: Water surface level h + b overlayed
with velocity vector field and vorticity over a flat bot-
tom b1(x, y); Lower: MR Flags in x and y directions.
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Figure 2: Upper: Water surface level h + b overlayed
with velocity vector field and vorticity over a non-flat
bottom b2(x, y); Lower: MR Flags in x and y directions.

The domain is [0, 800] × [0, 400]. The width of the
dam is set to be L = 3, and the breach is located at
x = 200 and between y = 160 and y = 240. The
initial conditions are given as

h =

{
10− b, if x ≤ 200,
5− b, otherwise, u = v = 0.

where the two bottoms are given as b1(x, y) = 0
and b2(x, y) = 2 sin((x− 205)π/295), if 205 ≤ x ≤
795). The flow fields become complex due to the

nonlinear interaction of both large and small scales
structures and shock-like hydrostatic jumps. In
Fig.1 and Fig.2, the well-balanced Hybrid scheme
resolves the small scale vortical structures from it-
s early and late time developmen, which are well
captured by the MR analysis as evidenced by the
MR Flags x-Flag and y-Flag at different times as
shown in the lower part respectively.

CONCLUSION
The Hybrid scheme captures discontinuities very
well by the fifth order well-balanced WENO-Z
scheme in an essentially non-oscillatory manner
while the smooth parts are well resolved efficient-
ly by the sixth order Compact scheme. 1-D and 2D
results are conducted to demonstrate the perfor-
mance of the Hybrid scheme in terms of good res-
olution and essentially non-oscillatory shock cap-
turing of the smooth and discontinuous solutions.

FUTURE WORK
We plan to use hybrid scheme to simulate the 2D
semidiurnal tide (M2) of the Bohai and Yellow sea.
In calculation, open boundary and initial condi-
tions are easily set, the still water depth of the wa-
ter surface level are given by measurement. The re-
sults can be regarded as a steady state if the maxi-
mum deviation between the present value of ζ, u, v
and the one before a tidal cycle is less than a small
amounts of advance ε.

ACKNOWLEDGMENT
I would like to acknowledge the great guidance of
Prof.Don and Gao. I also need to thank Li Peng
for his generous help during the course of the re-
search. Thanks for the Third Summer Workshop.

REFERENCES
1. Borges R, Carmona M, Costa B, Don W S, An im-

proved weighted essentially non-oscillatory scheme for
hyperbolic conservation laws. Journal of Computa-
tional Physics. 227 (2008). , pp. 3191-3211.

2. Xing Y, Shu C W, High order finite difference WENO
schemes with the exact conservation property for the
shallow water equations, Journal of Computational
Physics. 208 (2005). , pp. 206-227.

3. SK Lele, Compact Finite Difference Schemes with
Spectral-like Resolution, Journal of Computational
Physics. 103 (1992). , pp. 16-42.

FUNDING
School of Mathematical Sciences, OUC. Startup grant by
Ocean University of China (201412003). Natural Science
Foundation of Shandong Province (ZR2012AQ003). Na-
tional Natural Science Foundation of China (11201441).


