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INTRODUCTION
In recent years, there has been a growing need for
including uncertainty in mathematical models and
quantify its effect on given outputs of interest used
in decision making. In general, a probabilistic set-
ting can be used to include these uncertainties in
mathematical models. In such framework, the ran-
dom input data are modeled as random variables,
or random fields with a given correlation structure.
Thus, the goal of the mathematical and computa-
tional analysis becomes the prediction of statistical
moments of the solution or statistics of some quan-
tities of physical interest of the solution, given the
probability distribution of the input random data. S-
tochastic collocation (SC) method is a non-intrusive
method for uncertainty quantification (UQ), it can be
easily implemented and leads to the solution of un-
coupled deterministic problems, even in presence of
input data which depend nonlinearly on the driving
random variables.
In such models a number of random input-
parameters are used to characterize a particular
problem which require repeated evaluation, so alter-
native method to simply solving the full problems
many times is needed, that is, reduced basis method
(RBM). The goal of RBM is to approximate a set of
given data with a low number of basis functions,
where the proper orthogonal decomposition (POD)
is a well-known method to obtain the basis.

RANDOM DIFFERENTIAL EQUATIONS
Consider a d-dimensional bounded domain D ⊂
Rd (d = 1, 2, 3) with boundary ∂D, and the ran-
dom differential equations: find a stochastic func-
tion, u ≡ u(ω, x) : Ω× D̄ → R, such that for ∀ω ∈ Ω,
the following equation holds:

L(ω, x;u) = f(ω, x), x ∈ D, (1)
subject to the boundary condition

B(ω, x;u) = g(ω, x), x ∈ ∂D, (2)
where x = (x1, · · · , xd) are the coordinates in Rd.
The strong form is

L(y, x;u) = f(y, x), (y, x) ∈ Γ×D, (3)

subject to the boundary condition

B(y, x;u) = g(y, x), (y, x) ∈ Γ× ∂D, (4)

where Γ ≡
∏N
i=1 Γi ⊂ RN ,Γi = Y i(Ω).

SC METHODS

Let ΘN = {yi}Mi=1 be a set of (prescribed) n-
odes such that the Lagrange interpolation in the N -
dimensional random space Γ is poised. By denoting

û(y) ≡ Iu(y) =

M∑
k=1

u(yk)Lk(y), (5)

where Lk(y) is the lagrange polynomials. The s-
tochastic collocation procedure is to solve M deter-
ministic problems

R(û(y)) |yk= 0, ∀k = 1, · · · ,M, (6)
whereR(u) = L(u)−f is the residual of (3). By using
the property of Lagrange interpolation, we obtain yk
satisfies (3)-(4), for k = 1, · · · ,M .
The mean of the random solution is

E(û)(x) =
M∑
k=1

u(yk, x)ωk, (7)

where ωk is the gaussian quadrature weights.

REDUCED BASIS METHODS
The parametric problem given as: find u(µ) ∈ V,
such that

a(u(µ), v;µ) = f(v;µ), ∀v ∈ V.
The solution manifold is M = {u(µ)|µ ∈ P} ∈ V.
The goal of RBM is to approximate any member
of solution manifold with a low number of, say N ,
basis functions {ξn}Nn=1 ⊂ Vδ . Given the N− di-
mensional (N � Nδ) reduced basis space Vrb =
span{ξ1, · · · , ξN}, the reduced basis approximation
is sought as: for any given µ ∈ P, find urb(µ) ∈ Vrb,
s.t.

a(urb(µ), vrb;µ) = f(vrb;µ), ∀vrb ∈ Vrb, (8)
and evaluate

srb(µ) = f(urb(µ);µ), ∀vrb ∈ Vrb. (9)
Proper Orthogonal Decomposition (POD) is one of
the methods to generate the reduced basis.

POD
Assuming that we have a set of K-dimensional vec-
tors (say,M of them), collected in matrix U , the main
idea of POD is to find N orthogonal basis {ξn}Nn=1 to
approximate ui by

ui ≈
N∑
j=1

aijξj , i = 1, · · · ,M,

where the orthogonal basis collected in matrix Φ.

POD
The orthogonal POD basis has columns defined by

ξi = U · vi · λ
− 1

2
i , (10)

and sorted in descending order of eigenvalues λi in
a matrix

Φ = [ξi], i = 1, · · · ,M, (11)
where the vi and λi is the eigenvectors and eigenval-
ues of the correlation matrix

D = UTU,

and the coefficient matrix A = ΦTU .
Then, the approximation of U can be constructed as

U ≈ ΦiAi, i = 1, · · · , N, (12)

where Φi denotes the first i columns of Φ, and theAi
denotes the first i rows of A.

STOCHASTIC ODE
First, we consider a simple ODE with random vari-
ables{

d
dtu(t, ω) = −α(ω)u(t, ω), t ∈ (0, 1)
u(0, ω) = β(ω), t = 0.

(13)

Here, we consider β(ω) ≡ 1, and the corresponding
quadrature nodes and weights are Gauss-Legendre
quadrature and Hermite quadrature, respectively.
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Figure 1: The deterministic solutions with M = 9 and the
mean.

From Fig.1, it is seen that for time t = 1 there is a lot
of uncertainty in the result. This uncertainty would
be increased in time since the variance increases ex-
ponentially in time.

BURGERS EQUATION
The one-dimensional viscous Burgers’ equation
with parameterized diffusion coeffcient is taken into
consideration, given as ut + uux − νuxx = 0,

u(−1, t;µ) = u(1, t;µ) = 0,
u(x, 0;µ) = − sin(πx)

(14)

where (x, t, ν) ∈ (−1, 1)× (0, 1]× [0.0064, 0.0477].
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Figure 2: Comparison between the full-order solutions
and the corresponding reduced-order solutions: solutions
at different t ∈ {0.25, 0.50, 0.75, 0.90, 1.00} with differen-
t values of ν: reduced-order solutions-dashed, full-order
solution -solid.
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FUTURE WORK
• Extension to 2D problems.
• Realization of other numerical methods for

UQ.
• Studying of Certified Reduced Basis method.
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